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With the QCD sum rules approach, we study the newly discovered doubly heavy baryon Ξ++cc .
We analytically calculate the next-to-leading order (NLO) contribution to the perturbative part of
JP = 12
+ baryon current with two identical heavy quarks, and then reanalyze the mass of Ξ++cc at
the NLO level. We find that the NLO correction significantly improves both scheme dependence
and scale dependence, whereas it is hard to control these theoretical uncertainties at leading order.
With the NLO contribution, the baryon mass is estimated to be mΞ++cc = 3.66
+0.08
−0.10 GeV, which is
consistent with the LHCb measurement.
PACS numbers: 12.38.Bx, 12.38.Lg, 14.20.Lq
I. INTRODUCTION
The quark model predicts rich structures of hadronic
states with various flavors. Numerous predicted states
have been observed experimentally, indicating the valid-
ity of the quark model classification for hadrons. How-
ever, a class of states, which contain more than one heavy
quark, have not been discovered for decades. Recently,
LHCb collaboration observed a highly significant struc-
ture in the Λ+c K−pi+pi+ mass spectrum, which is inter-
preted as the doubly charmed baryon Ξ++cc [1] with mass
3621± 0.72± 0.27± 0.14 MeV. Early experimental stud-
ies of Ξ+cc were performed by SELEX [2], Babar [3], and
Belle [4] collaborations.
The understanding of Ξ++cc demands more rigorous the-
oretical studies. Plenty of methods have been used in
the literature [5–13]. Among them, the QCD sum rules,
which are based on the first principle of QCD, are pow-
erful tools to study various properties of hadronic states
[14, 15]. Many works have been devoted to the study of
doubly heavy baryons within QCD sum rules [16–22], and
some impressive predictions are obtained. But in all these
works, only leading order (LO) in the αs expansion of
perturbative contribution and Wilson coefficients of vac-
uum condensates are considered. Without higher order
contributions, it is hard to control theoretical uncertain-
ties in QCD sum rules, which limits the predictive power.
For instance, at LO, the value of charm quark mass can
not be well determined, which will cause large errors.
In fact, it was known a long time ago that the next-to-
leading order (NLO) correction has sizable contributions
to meson and nucleon sum rules [23–25]. Therefore, the
study of NLO effect for doubly heavy baryons in QCD
sum rules is badly needed.
Higher order calculations in QCD sum rules become
harder and harder when more particles or more massive
particles are involved. For mesons, the state-of-the-art
calculation has been developed to O(α4s) with the help
of mass expansion [26–31]. While for baryons, the O(αs)
correction is available in the literature only for nucleons
and singly heavy baryons [24, 25, 32].
In this paper, we calculate the NLO correction to per-
turbative contribution for the doubly heavy JP = 12
+
baryon, and show its important effects in QCD sum rules.
With the help of integration-by-parts method [33, 34]
and differential equation method [35, 36], we get a fully
analytical expression. We reproduce the massless result
in the literature when we set all quark masses to zero.
Based on this calculation, we reanalyze the newly dis-
covered Ξ++cc in QCD sum rules.
II. QCD SUM RULES
The central object in QCD sum rules is the following
two-point correlation function [14, 37]
Π(q) = i
∫
d4x eiqx〈Ω|T{η(x)η(0)}|Ω〉
= Π1(q2)/q + Π2(q2) , (1)
where Ω denotes the QCD vacuum, and η is the baryon
current to be defined later.
On the one hand, one can calculate Π(q) using operator
product expansion, which gives
Π(q) = C1(q) +
∑
i
Ci(q)〈Oi〉 , (2)
where C1 is the perturbative contribution and Ci is the
Wilson coefficient of a gauge invariant Lorentz scalar op-
erator Oi. Both C1 and Ci are perturbatively calculable.
〈Oi〉 is a shorthand for the vacuum condensates 〈Ω|Oi|Ω〉,
which is a nonperturbative but universal quantity. It
means that the value of 〈Oi〉 determined from other pro-
cesses should be the same as its value in the process con-
sidered in this paper.
On the other hand, Π(q) satisfies the dispersion rela-
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Π(q) = 1
pi
∫ ∞
0
ds
=Π1(s+ i)/q + =Π2(s+ i)
s− q2
=
∫ ∞
0
ds
ρ1(s+ i)/q + ρ2(s+ i)
s− q2 , (3)
where ρ1 and ρ2 are the spectrum densities. Based on
the optical theorem, one assumes the spectrum density
ρ(q) = ρ1(q2)/q + ρ2(q2) to be [37]
ρ(q) = λ2H(/q +mH)δ(q2 −m2H) + ρc(q)θ(q2 − sth) , (4)
where sth is the threshold of continuum spectrum, λH is
defined by λHu(p, s) = 〈0|η(0)|H(p, s)〉, where u(p, s) is
the Dirac spinor of the hadron.
Define
=C1(q)
pi
= ρ1,1(q2)/q + ρ2,1(q2) , (5)
=Ci(q)
pi
= ρ1,i(q2)/q + ρ2,i(q2) , (6)
and employ the quark-hadron duality and Borel trans-
formation, we obtain a sum rule corresponding to Π1(q2)
[37]
λ2He
−m
2
H
m2
B =
∫ s0
sth
ds ρ1,1(s)e
− s
m2
B
+
∑
i
〈Oi〉
∫ ∞
sth
ds ρ1,i(s)e
− s
m2
B , (7)
where s0 is the threshold parameter, and mB is the Borel
parameter, which are introduced in the quark-hadron du-
ality and Borel transformation respectively. One can also
obtain a similar sum rule corresponding to Π2(q2), but
we will not discuss it in this paper.
To obtain the baryon mass, we differentiate both sides
of Eq. (7) with respect to −m−2B and solve for m2H , which
results in
m2H =∫ s0
sth
ds ρ1,1(s)se
− s
m2
B +
∑
i〈Oi〉
∫∞
sth
ds ρ1,i(s)se
− s
m2
B∫ s0
sth
ds ρ1,1(s)e
− s
m2
B +
∑
i〈Oi〉
∫∞
sth
ds ρ1,i(s)e
− s
m2
B
.
(8)
In this paper, as a good approximation, we only keep
vacuum condensates up to dimension 4,
〈Oi〉 ∈
{〈qaj qaj 〉, 〈g2sGaµνGaµν〉} , (9)
and evaluate ρ1,〈qq〉 up toO(mq). Contributions of higher
dimensional operators are power suppressed and thus can
be neglected (See App. (B) for more discussions on higher
dimensional operators).
III. BARYON CURRENTS
The most general current of baryon containing two
identical heavy quarks is
abc
(
QaCΓ1Qb
)
Γ2qc , (10)
where Q is the heavy quark with mass mQ, while q is
the light quark with mass mq. abc is the antisymmetric
matrix in color space, C is the charge conjugation matrix,
and Γ1 and Γ2 are Dirac matrices with possible Lorentz
indices suppressed. Spinor indices are contracted within
the bracket, and therefore transposing the bracket part
should keep the current intact. Note that CT = −C,
one can see that Γ1 can only be γµ or σµν [37]. For a
JP = 12
+ baryon, there are only two possible currents
η1 = abc
(
QaCγµQ
b
)
γµγ5qc , (11)
η2 = abc
(
QaCσµνQ
b
)
σµνiγ5qc , (12)
where η1 corresponds to the Ioffe current [37] if we take
Q as u quark and q as d quark. It is well known that η1
and η2 are renormcovariant [38],
d
d lnµ2
(
η1
η2
)
=
(
γ1 0
0 γ2
)(
η1
η2
)
. (13)
Thus it is advantageous to work with these currents when
calculating the NLO correction. There exist other choices
of current [16, 39, 40], which can be expressed by η1 and
η2 with the help of Fierz identity,
ηmix = abc
[(
QaCγ5qb
)
Qc + b
(
QaCqb
)
γ5Qc
]
= b− 14 η1 + i
b+ 1
8 η2 , (14)
where b is a complex mixing parameter.
IV. NLO CORRECTION TO C1
It is known that C1 and Ci can be calculated perturba-
tively, and results at LO are available in [16, 41]. Among
them, the most important one is C1, because all other
coefficients will be multiplied by higher dimensional op-
erators which are power suppressed. Thus the main the-
oretical uncertainty is due to NLO correction to C1.
In order to perform NLO calculation for C1, we use
FeynArts [42, 43] to generate all Feynman diagrams (see
Fig. (1)), and FeynCalc [44, 45] to manipulate resulting
amplitude. After these steps, we are left with some three-
loop-like scalar integrals. These integrals can be further
simplified by the integration-by-parts (IBP) method [33,
34]. FIRE [46] and LiteRed [47] are used to reduce the
full amplitude to a linear combination of a complete set
of 29 master integrals (see Fig. (2)),
CNLO1 (ε, q,mQ) =
∑
k
ck(ε, q,mQ)Ik(ε, v) , (15)
3where ε is defined by dimension D = 4 − 2ε, v =√
1− 4m
2
Q
q2 , and all coefficients ck are purely imaginary.
Note that here Ik is defined to be dimensionless.
Ξ
cc
++
Ξ
cc
++g
c
c
cc
u
Ξ
cc
++
Ξ
cc
++g
c
c
uu
c
Ξ
cc
++
Ξ
cc
++g
u
u
cc
c
Ξ
cc
++
Ξ
cc
++c
g
c
c
c
u
Ξ
cc
++
Ξ
cc
++c
g
c
c
u
c
Ξ
cc
++
Ξ
cc
++u
g
u
u
c
c
FIG. 1: NLO Feynman diagrams for C1. External legs
are amputated.
FIG. 2: Topologies of master integrals, where solid and
dashed lines denote massive and massless propagators
respectively. External legs are amputated.
Since we are only interested in the imaginary part of
the two-point function Π(p2), we just need to evaluate
the corresponding cut diagrams of Ik. But evaluating
four-body phase space in the presence of two massive
particles is still a formidable task.
To proceed, we employ the differential equation
method [35, 36] by first differentiating Ik with respect
to v, then reducing the resulting integrals by using IBP,
and obtaining a system of differential equations,
dI(ε, v)
dv = A(ε, v)I(ε, v) , (16)
where I represents the vector of master integrals Ik, and
A is a 29×29 matrix. To solve this differential equation,
we implement algorithm proposed in [48] to transform
the equation into the so-called ε-form [35],
dI ′(ε, v)
dv = ε
∑
i
Bi
v − vi I
′(ε, v) , (17)
where vi ∈
{
0,±1,±√3i}, Bi are constant matrices,
and I ′ is related to I with an invertible linear trans-
formation. The virtue of this ε-form is that the right
hand side of Eq. (17) is proportional to ε, which can be
easily solved iteratively in terms of Goncharov polyloga-
rithms [49]. The boundary values of I(ε, v) at v = 1, i.e.
mQ = 0, are nothing but massless four-body phase space
integrals, which are very easy to work out. By evaluat-
ing the boundary value I(ε, 1), and solving the equation
iteratively, we finally obtain Ik and finish our calculation.
We find that the Coulombic singularity, which appears
as v → 0, does not present in this order. Then by combin-
ing all terms together, infrared divergences are canceled
out, so we only need to deal with ultraviolet divergences.
After performing wavefunction and mass renormalization
of quarks (mQ is renormalized in either MS scheme or on-
shell scheme), the remaining ultraviolet divergences can
be removed by operator renormalization of η1 and η2.
We renormalize them in MS scheme, of which anomalous
dimensions are
γ1 = γ2 =
αs
2pi , (18)
which confirm the results in [25, 50].
We then get a finite result at NLO. Our NLO result
confirms the massless result [24, 25] in the limit of mQ →
0. Our analytical result is listed in App. (A).
V. PHENOMENOLOGY
In our analysis, we use
η = η1 + θη2 , (19)
with θ a complex mixing parameter. We choose following
parameters [16, 51–54]:
mu(2 GeV) = 2.36± 0.24 MeV , (20)
md(2 GeV) = 5.03± 0.26 MeV , (21)
mMSc (mc) = 1.28± 0.03 GeV , (22)
mon-shellc = 1.46± 0.07 GeV , (23)
〈qq〉(2 GeV) = − (0.280± 0.017 GeV)3 , (24)
〈g2sGG〉 = 4pi2(0.037± 0.015) GeV4 , (25)
and αs(mZ = 91.1876 GeV) = 0.1181. The mon-shellc
comes from the QCD sum rules analysis of J/ψ spec-
trum, in which the mass renormalization scheme and the
truncation order of αs of C1 are the same as ours. Thus it
is consistent to use this on-shell quark mass in our anal-
ysis. According to Eq. (8), the evolution of the current
η is irrelevant to the estimation of hadron mass, thus we
do not include it in our analysis. We use two-loop run-
ning for the coupling constant αs and heavy quark mass
mQ. The vacuum condensates are evolved according to
their one-loop anomalous dimensions: γ〈qq〉 = −γmq and
γ〈g2sGG〉 = 0 [55]. In the following, unless otherwise
stated, we choose central values for all parameters, set
renormalization scale µ = mB [14, 56], and choose MS
scheme for heavy quark mass renormalization.
In Eq. (8), the baryon mass mH depends on two pa-
rameters: mB and s0. In order to obtain a reliable result,
we should keep mB inside the so-called Borel window to
ensure the validity of OPE, and the choice of s0 should
4ensure the ground-state pole contribution domination.
Since mH is a property of hadron, it does not depend
on mB and s0, thus within the valid parameter space
(we shall call it “window” hereafter), we should find the
region in which mH depends weakly on mB and s0. mH
in this region is considered to be the estimated hadron
mass in QCD sum rules.
We define relative contributions of condensates and
continuum spectrum as
ri =
〈Oi〉
∫∞
sth
ds ρ1,i(s)e
− s
m2
B∫∞
sth
ds ρ1,1(s)e
− s
m2
B
, (26)
rcont. =
∫∞
s0
ds ρ1,1(s)e
− s
m2
B∫∞
sth
ds ρ1,1(s)e
− s
m2
B
, (27)
and impose the following constraints on our sum rule
|ri| ≤ 30% ,
∣∣∣∣∣∑
i
ri
∣∣∣∣∣ ≤ 30% , |rcont.| ≤ 30% . (28)
We find that with mixing parameter θ = 0.018i, we can
obtain a very stable plateau of mB and s0, as shown
in Fig. (3). Note, however, that QCD sum rules alone
cannot tell which mixing current is the most suitable one
for QCD sum rules analysis. For example, there is a
family of mixing parameters that can yield similar good
plateau of mB and s0, and similar estimation of mH . We
also provide another set of results by choosing θ = − i3 ,
which corresponds to the mixing used in [16].
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FIG. 3: Prediction of mΞ++cc as a function of m
2
B and s0.
Shadows correspond to windows defined by Eq. (28).
The relative importance of each term in OPE is shown
in Fig. (4), where m2B and s0 are set to their central val-
ues shown in Tab. (I). We find that the NLO correction
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FIG. 4: Contributions of various terms on the right
hand side of Eq. (7).
LO
LO + NLO
1.0 1.2 1.4 1.6 1.8 2.0
3.0
3.2
3.4
3.6
3.8
4.0
μ (GeV)
m
H
(G
e
V
)
FIG. 5: Prediction of mΞ++cc as a function of µ.
has an important contribution. In the mMSQ scheme, the
ratio of NLO correction to LO is about 29% (19%) for
θ = 0.018i (θ = − i3 ). While in the mon-shellQ scheme,
this ratio reaches 233% for θ = 0.018i, signaling the bad
convergence of perturbative expansion, which is the rea-
son why we choose MS scheme by default. Nevertheless,
with NLO correction, the difference of predicted mΞ++cc
between MS scheme and on-shell scheme for mQ is sub-
stantially reduced. As shown in Tab. (I), the mass dif-
ferences obtained from LO and LO + NLO results are
0.27 GeV and 0.01 GeV, respectively. Thus NLO correc-
tion largely reduces the scheme dependence.
To study the renormalization scale µ dependence, we
fix all other parameters by their default choices (or cen-
tral values) and freely vary µ. The variation of mΞ++cc
with respect to µ is shown in Fig. (5). We find the scale
dependence is much weaker when NLO correction is in-
cluded. More precisely, the error of mΞ++cc induced by
µ = mB ± 0.2 GeV is +0.06−0.08 GeV and +0.03−0.01 GeV in LO
and LO + NLO, respectively.
Our final results for mΞ++cc are shown in Tab. (I). Errors
of m2B , s0 and parameters listed in Eq. (20)-(25) are used
to determine the error of mΞ++cc . We find that our NLO
result is consistent with the LHCb measurement. As a
comparison, we also list the results with mon-shellQ renor-
malization scheme or with θ = − i3 . We find that all plots
above are almost unchanged when changing mq from mu
to md, thus our prediction of the mass of Ξ+cc(ccd) is al-
most the same as that of Ξ++cc (ccu).
5TABLE I: Parameters of plateau and predictions for mΞ++cc in different mixing and mass renormalization schemes.
θ mQ scheme Order m2B (GeV2) s0 (GeV2) mΞ++cc (GeV) Error from m
2
B Error from s0 Error from mQ
0.018i MS LO 2.0± 0.3 17± 2 3.57
+0.08
−0.11 −0.00 +0.01 −0.09 +0.07 −0.05 +0.05
NLO 1.7± 0.3 17± 2 3.66+0.08−0.10 −0.01 +0.01 −0.08 +0.05 −0.05 +0.05
0.018i on-shell LO 1.7± 0.3 17± 2 3.83
+0.13
−0.14 −0.03 +0.00 −0.09 +0.07 −0.10 +0.10
NLO 1.4± 0.3 17± 2 3.65+0.11−0.14 −0.07 +0.05 −0.08 +0.05 −0.10 +0.09
− i3 MS
LO 4.4± 0.3 23± 2 3.81+0.10−0.11 −0.04 +0.04 −0.10 +0.08 −0.03 +0.03
NLO 4.0± 0.3 23± 2 3.86+0.10−0.11 −0.05 +0.04 −0.09 +0.08 −0.03 +0.03
VI. SUMMARY
The NLO calculation for hadrons with massive quarks
in QCD sum rules is important but hard to carry out.
With the help of recent development of multi-loop cal-
culation technique, we are able to analytically calculate
the NLO perturbative correction to the imaginary part
of the two-point correlation function of JP = 12
+ baryon
current with two identical heavy quarks. We apply our
result to the QCD sum rules analysis of newly discovered
baryon Ξ++cc by LHCb [1]. The QCD sum rules estima-
tion of mΞ++cc is 3.66
+0.08
−0.10 GeV, which is consistent with
the LHCb measurement within uncertainties. By com-
paring LO with LO + NLO results, we find the NLO
perturbative correction substantially reduces mQ renor-
malization scheme dependence and renormalization scale
µ dependence, thus makes the theoretical uncertainties
under better control.
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Appendix A: Analytical Result
We calculate various spectrum densities of the current
defined in Eq. (19). The corresponding LO spectrum
densities, defined in Eq. (5), are
ρLO1,1 =
1
2048pi4 q
4
[
2v(9v6 − 9v4 + 31v2 − 15) + 3(v2 − 1)3(3v2 + 5) ln
(
1− v
1 + v
)]
+ 31024pi4 q
4|θ|2
[
2v(3v6 − 11v4 + 69v2 − 45) + 3(v2 − 1)2(v4 − 2v2 − 15) ln
(
1− v
1 + v
)]
, (A1)
ρLO2,1 =
3
128pi4 q
4mQ=θ
[
2v(v2 + 3)(3v2 − 5) + 3(v2 − 1)(v4 + 2v2 + 5) ln
(
1− v
1 + v
)]
, (A2)
ρLO1,〈qq〉 =
3
pi2
mQ=θv − 132pi2mq
v4 − 6v2 − 3
v
− 38pi2mq|θ|
2 v
4 − 4v2 − 1
v
, (A3)
ρLO2,〈qq〉 =
1
8pi2 q
2v(v2 − 3) + 32pi2 q
2|θ|2v(v2 − 1)− 34pi2mQmq=θ
3v2 + 1
v
, (A4)
ρLO1,〈g2sGG〉 =
1
512pi4
[
2v(v2 + 1) + (v2 − 1)2 ln
(
1− v
1 + v
)]
− 1256pi4 |θ|
2
[
2v(v2 + 1) + (v2 − 1)2 ln
(
1− v
1 + v
)]
, (A5)
ρLO2,〈g2sGG〉 = −
1
64pi4mQ=θ
[
2v(3v2 − 11)
v2 − 1 + (v
2 + 11) ln
(
1− v
1 + v
)]
. (A6)
With the help of Eq. (14), our result confirms previous
calculations [16, 41].
The NLO spectrum densities of perturbative contribu-
tion in MS scheme, with mQ also renormalized in MS
scheme, are
ρNLO1,1
∣∣
mMS
Q
= αs2pi
[
2ρLO1,1 ln
(
µ2
q2
)
+ 2ρmQa ln
(
µ2
q2
)
+ ρa
]
,
(A7)
ρNLO2,1
∣∣
mMS
Q
= αs2pi
[
2ρLO2,1 ln
(
µ2
q2
)
+ 2ρmQb ln
(
µ2
q2
)
+ ρb
]
,
(A8)
6where ρmQa and ρmQb come from mQ renormalization
ρmQa = mQ
∂
∂mQ
ρLO1,1 , ρ
mQ
b = mQ
∂
∂mQ
ρLO2,1 . (A9)
The analytical expressions of ρa and ρb will be presented
later. The differences between mon-shellQ scheme and mMSQ
scheme are
ρNLO1,1
∣∣
mon-shell
Q
= ρNLO1,1
∣∣
mMS
Q
− αs2pi
[
8
3 + 2 ln
(
µ2
m2Q
)]
ρmQa ,
(A10)
ρNLO2,1
∣∣
mon-shell
Q
= ρNLO2,1
∣∣
mMS
Q
− αs2pi
[
8
3 + 2 ln
(
µ2
m2Q
)]
ρ
mQ
b .
(A11)
Note that in the mon-shellQ scheme, the logarithms com-
ing from mQ renormalization are completely canceled
out, only the logarithms proportional to ρLO remain,
which come from the quark wavefunction renormaliza-
tion and baryon operator renormalization. Eq. (A10)
and Eq. (A11) are just the consequences of changing
renormalization scheme. To show this explicitly, we first
replace all mon-shellQ by mMSQ in ρLO and ρNLO in the
mon-shellQ scheme
mon-shellQ
= mMSQ
1 + αs2pi
83 + 2 ln
 µ2(
mMSQ
)2

+O(α2s)
 .
(A12)
Then we expand ρLO and ρNLO up to O(αs). We take
ρ1,1 for example. For ρLO1,1 we have
ρLO1,1 (mon-shellQ )
= ρLO1,1 (mMSQ ) +
αs
2pi
83 + 2 ln
 µ2(
mMSQ
)2

 ρmQa (mMSQ )
+O(α2s) , (A13)
and for ρNLO1,1
ρNLO1,1
∣∣
mon-shell
Q
(mon-shellQ ) = ρNLO1,1
∣∣
mon-shell
Q
(mMSQ )
+O(α2s) . (A14)
Combining them together, we obtain
ρLO1,1 (mon-shellQ ) + ρNLO1,1
∣∣
mon-shell
Q
(mon-shellQ )
= ρLO1,1 (mMSQ ) + ρNLO1,1
∣∣
mon-shell
Q
(mMSQ )
+ αs2pi
83 + 2 ln
 µ2(
mMSQ
)2

 ρmQa (mMSQ )
+O(α2s(µ)) . (A15)
Since the renormalized amplitude should not depend on
renormalization scheme, we thus obtain Eq. (A10). For
ρ2,1, the result is similar, all we need to do is substitut-
ing ρLO1,1 , ρNLO1,1 , and ρ
mQ
a in above expressions with ρLO2,1 ,
ρNLO2,1 , and ρ
mQ
b , respectively.
As a check, we can verify that in the mMSQ scheme, the
µ dependence of mQ in ρLO is canceled by corresponding
logarithms in ρNLO to O(αs). To show this explicitly, we
first replace all mQ(µ) by mQ(λ) in ρLO and ρNLO in the
mMSQ scheme
mQ(µ) = mQ(λ)
(
1− αs(µ)
pi
ln
(
µ2
λ2
)
+O(α2s(µ))
)
,
(A16)
where λ is another scale that differs from µ. Then we
expand ρLO and ρNLO up to O(αs(µ)), and the µ depen-
dence of mQ should cancel out up to O(αs(µ)). We take
ρ1,1 for example. For ρLO1,1 we have
ρLO1,1 (mQ(µ)) = ρLO1,1 (mQ(λ))
− αs(µ)
pi
ln
(
µ2
λ2
)
ρmQa (mQ(λ))
+O(α2s(µ)) , (A17)
and for ρNLO1,1
ρNLO1,1 (µ, αs(µ),mQ(µ)) = ρNLO1,1 (µ, αs(µ),mQ(λ))
+O(α2s(µ)) . (A18)
Combining them together, we obtain
ρLO1,1 (mQ(µ)) + ρNLO1,1 (µ, αs(µ),mQ(µ))
= ρLO1,1 (mQ(λ))
+ αs(µ)2pi
[
2ρLO1,1 (mQ(λ)) ln
(
µ2
q2
)
+ ρa(mQ(λ))
]
+ αs(µ)2pi
[
2ρmQa (mQ(λ)) ln
(
λ2
q2
)]
+O(α2s(µ)) .
(A19)
For ρ2,1, the result is similar, all we need to do is sub-
stituting ρLO1,1 , ρNLO1,1 , ρa, and ρ
mQ
a in above expressions
with ρLO2,1 , ρNLO2,1 , ρb, and ρ
mQ
b , respectively. Thus we have
shown that the µ dependence of mQ is indeed canceled
out.
Now we list ρa and ρb
ρa = q4
( 11∑
i=1
g1,iGi + |θ|2
11∑
i=1
g2,iGi
)
, (A20)
ρb = q4mQ=θ
11∑
i=1
g2,iGi , (A21)
where Gi are defined as
7G1 = 18G0,0,1(1− v)− 27G0,0,2(1− v) + 3G0,2,0(1− v)− 18G0,2,1(1− v) + 24G0,2,2(1− v)− 24G2,0,0(1− v)
+ 18G2,0,1(1− v)− 3G2,0,2(1− v) + 27G2,2,0(1− v)− 18G2,2,1(1− v) + 12G1−i√3,0,0(1− v)
− 18G1−i√3,0,1(1− v) + 15G1−i√3,0,2(1− v)− 15G1−i√3,2,0(1− v) + 18G1−i√3,2,1(1− v)
− 12G1−i√3,2,2(1− v) + 12G1+i√3,0,0(1− v)− 18G1+i√3,0,1(1− v) + 15G1+i√3,0,2(1− v)
− 15G1+i√3,2,0(1− v) + 18G1+i√3,2,1(1− v)− 12G1+i√3,2,2(1− v)− 3 ln(2)G0,2(1− v) + 24 ln(2)G2,0(1− v)
− 27 ln(2)G2,2(1− v)− 12 ln(2)G1−i√3,0(1− v) + 15 ln(2)G1−i√3,2(1− v)− 12 ln(2)G1+i√3,0(1− v)
+ 15 ln(2)G1+i√3,2(1− v) + 4
(
pi2 − 3 ln(2)2)G2(1− v)− 2 (pi2 − 3 ln(2)2)G1−i√3(1− v)
− 2 (pi2 − 3 ln(2)2)G1+i√3(1− v) + 9ζ(3) , (A22)
G2 = 4G0,0,1(1− v)− 6G0,0,2(1− v)− 4G0,1,0(1− v) + 4G0,1,2(1− v) + 6G0,2,0(1− v)− 4G0,2,1(1− v)
+ 4G2,0,1(1− v)− 6G2,0,2(1− v)− 4G2,1,0(1− v) + 4G2,1,2(1− v) + 6G2,2,0(1− v)− 4G2,2,1(1− v)
+ 4 ln(2)G0,1(1− v)− 6 ln(2)G0,2(1− v) + 4 ln(2)G2,1(1− v)− 6 ln(2)G2,2(1− v) + 3ζ(3) , (A23)
G3 = 2G0,0(1− v)− 2G2,2(1− v)− 2 ln(2)G0(1− v) + ln(2)2 , (A24)
G4 = −6G0,0(1− v) + 6G0,2(1− v) + 6G2,0(1− v)− 6G2,2(1− v) + 6 ln(2)G0(1− v)− 6 ln(2)G2(1− v) + pi2
− 3 ln(2)2 , (A25)
G5 = 6G0,2(1− v)− 6G2,0(1− v) + 6 ln(2)G2(1− v) + pi2 , (A26)
G6 = G1,0(1− v)−G1,2(1− v)− ln(2)G1(1− v) , (A27)
G7 = 4G0,1(1− v)− 4G2,1(1− v) + pi2 , (A28)
G8 = G0(1− v) +G2(1− v)− ln(2) , (A29)
G9 = G0(1− v)−G2(1− v)− ln(2) , (A30)
G10 = G1(1− v) , (A31)
G11 = 1 , (A32)
g1,i are
g1,1 = −
(v − 1)3(v + 1)3 (3v2 + 5)
1536pi4 , (A33)
g1,2 = 0 , (A34)
g1,3 = −101v
12 + 378v10 − 1149v8 − 5300v6 + 1883v4 − 102v2 + 93
6144pi4 (v2 + 3)2
, (A35)
g1,4 =
v
(
9v6 − 9v4 + 31v2 − 15)
1152pi4 , (A36)
g1,5 =
257v12 + 1290v10 + 1119v8 − 500v6 − 1489v4 + 8394v2 − 879
18432pi4 (v2 + 3)2
, (A37)
g1,6 = −
v6
(
v2 − 3)
24pi4 , (A38)
g1,7 = −107v
12 + 482v10 + 153v8 − 532v6 + 269v4 + 2514v2 − 945
3072pi4 (v2 + 3)2
, (A39)
g1,8 =
v
(
39v8 + 16v6 + 130v4 + 888v2 − 81)
768pi4 (v2 + 3) , (A40)
g1,9 =
4793v10 + 2855v8 − 39174v6 − 8018v4 + 6397v2 − 14469
36864pi4 (v2 + 3) , (A41)
g1,10 = −
v
(
321v8 + 374v6 − 448v4 + 2874v2 − 945)
1152pi4 (v2 + 3) , (A42)
g1,11 =
v
(
7361v6 − 12289v4 + 18199v2 − 9863)
18432pi4 , (A43)
8g2,i are
g2,1 = −
(v − 1)2(v + 1)2 (v2 − 5) (v2 + 3)
256pi4 , (A44)
g2,2 =
(v − 1)2(v + 1)2
8pi4 , (A45)
g2,3 = −11v
10 + 133v8 − 4482v6 − 2054v4 + 3911v2 − 591
3072pi4 (v2 + 3) , (A46)
g2,4 =
v
(
3v6 − 11v4 + 69v2 − 45)
192pi4 , (A47)
g2,5 =
347v10 − 419v8 − 2610v6 + 154v4 + 21287v2 − 12615
9216pi4 (v2 + 3) , (A48)
g2,6 = −
v2
(
v2 + 2
) (
v4 − 6v2 + 3)
12pi4 , (A49)
g2,7 = −137v
10 − 173v8 − 894v6 + 782v4 + 5605v2 − 3921
1536pi4 (v2 + 3) , (A50)
g2,8 =
v
(
42v6 − 235v4 + 1090v2 − 501)
192pi4 , (A51)
g2,9 =
4823v8 − 19532v6 − 40278v4 + 26932v2 − 9961
18432pi4 , (A52)
g2,10 = −
v
(
411v6 − 1831v4 + 7069v2 − 3921)
576pi4 , (A53)
g2,11 =
v
(
8111v6 − 29663v4 + 104473v2 − 72697)
9216pi4 , (A54)
and finally g3,i are
g3,1 = −
(v − 1)(v + 1) (v4 + 2v2 + 5)
32pi4 , (A55)
g3,2 = −3(v − 1)(v + 1)4pi4 , (A56)
g3,3 = −8v
10 + 35v8 + 20v6 + 114v4 + 556v2 − 221
32pi4 (v2 + 3)2
, (A57)
g3,4 =
v
(
v2 + 3
) (
3v2 − 5)
24pi4 , (A58)
g3,5 =
20v10 + 155v8 + 500v6 + 666v4 − 704v2 − 1661
96pi4 (v2 + 3)2
, (A59)
g3,6 = −
v2
(
v4 − 3v2 + 6)
2pi4 , (A60)
g3,7 = −2v
10 + 14v8 + 35v6 + 29v4 − 57v2 − 87
4pi4 (v2 + 3)2
, (A61)
g3,8 =
v
(
3v6 + 13v4 − 24v2 − 120)
4pi4 (v2 + 3) , (A62)
g3,9 =
89v8 + 177v6 − 39v4 + 859v2 + 450
48pi4 (v2 + 3) , (A63)
g3,10 = −
v
(
12v6 + 43v4 − 33v2 − 174)
3pi4 (v2 + 3) , (A64)
g3,11 =
v
(
137v4 − 9v2 − 314)
24pi4 . (A65)
In our result, the Goncharov polylogarithm is defined as
Ga1(z) =
∫ z
0
dt
t− a1 , (A66)
Ga1,...,an(z) =
∫ z
0
dt
t− a1Ga2,...,an(t) , (A67)
and G0,...,0(z) = ln
n(z)
n! if for all ai = 0.
9As another check, we can verify that our result reduces
to the massless result in the limit of mQ → 0. This limit
is easy to obtain since the coefficients of Goncharov poly-
logarithms have no singularities at v = 1, and Goncharov
polylogarithms with non-zero ai themselves vanish triv-
ially when z → 0. In the massless limit, ρa and ρb are
ρNLO1,1
∣∣
mMS
Q
,mQ→0 = ρ
NLO
1,1
∣∣
mon-shell
Q
,mQ→0 =
αs
2pi q
4
71 + 12 ln
(
µ2
q2
)
384pi4
(
1 + 6|θ|2) , (A68)
ρNLO2,1
∣∣
mMS
Q
,mQ→0 = ρ
NLO
2,1
∣∣
mon-shell
Q
,mQ→0 = 0 . (A69)
These results confirm the massless results obtained previ-
ously [24, 25]. Another interesting limit is the threshold
limit q2 → 4m2Q. After straightforward integration and
expansion in v, the leading power terms of v are
ρNLO1,1
∣∣
mon-shell
Q
,q2→4m2
Q
= αs2pi (4m
2
Q)2
 132pi2 (1 + 4|θ|2) v6 + 2(1161 + 70pi
2 − 945 ln 2− 630 ln v) + 315 ln
(
µ2
m2
Q
)
7350pi4
(
1 + 4|θ|2) v7 +O(v8)
 ,
(A70)
ρNLO2,1
∣∣
mon-shell
Q
,q2→4m2
Q
= αs2pi (4m
2
Q)2mQ=θ
− 14pi2 v6 − 4
(
2(1161 + 70pi2 − 945 ln 2− 630 ln v) + 315 ln
(
µ2
m2
Q
))
3675pi4 v
7 +O(v8)
 , (A71)
ρNLO1,1
∣∣
mMS
Q
,q2→4m2
Q
= ρNLO1,1
∣∣
mon-shell
Q
,q2→4m2
Q
+ αs2pi
[
8
3 + 2 ln
(
µ2
m2Q
)]
(4m2Q)2
[
− 320pi4
(
1 + 4|θ|2) v5 − 3140pi4 (5 + 28|θ|2) v7 +O(v8)
]
,
(A72)
ρNLO2,1
∣∣
mMS
Q
,q2→4m2
Q
= ρNLO2,1
∣∣
mon-shell
Q
,q2→4m2
Q
+ αs2pi
[
8
3 + 2 ln
(
µ2
m2Q
)]
(4m2Q)2mQ=θ
[
6
5pi4 v
5 + 5435pi4 v
7 +O(v8)
]
. (A73)
The v6 terms in above expressions correspond to the
Coulombic singularities generated by the gluon exchange
between two heavy quarks. The v5 terms in Eq. (A72)
and Eq. (A73) come from the renormalization scheme
difference of mQ, i.e. Eq. (A10) and Eq. (A11).
We also present our NLO result before renormalization
in terms of the coefficients of master integrals
CNLO1 = ipi
(
µ2
q2
)3ε∑
k
(αk/q + βk)Ik , (A74)
where αk and βk are real. Thus by definition Eq. (5), we
have
ρNLO1,1 =
(
µ2
q2
)3ε∑
k
αk<Ik , (A75)
ρNLO2,1 =
(
µ2
q2
)3ε∑
k
βk<Ik , (A76)
where the master integrals Ik are defined to be dimen-
sionless, which are the same as those in Eq. (15). Note
that the 29 master integrals in Eq. (15) contain some
symmetries, that is, some of them can be related to each
other by shifting loop momenta. After using these sym-
10
metries, we are only left with 14 master integrals, which are defined as
I1 = (q2)3ε−3
3∏
i=1
∫ ddli
(2pi)d
1
l2i −m2Q
, (A77)
I2 = (q2)3ε−2
∫ ( 3∏
i=1
ddli
(2pi)d
)
1
(l1 + l2 + l3)2l21[l22 −m2Q][l23 −m2Q]
, (A78)
I3 = (q2)3ε−2
∫ ( 3∏
i=1
ddli
(2pi)d
)
1
[(l1 + l2 + l3)2 −m2Q][l21 −m2Q][l22 −m2Q][l23 −m2Q]
, (A79)
I4 = (q2)3ε−2
∫ ( 3∏
i=1
ddli
(2pi)d
)
1
(q − l1 − l2 − l3)2l21[l22 −m2Q][l23 −m2Q]
, (A80)
I5 = (q2)3ε−1
∫ ( 3∏
i=1
ddli
(2pi)d
)
1
(q − l1 − l2 − l3)4l21[l22 −m2Q][l23 −m2Q]
, (A81)
I6 = (q2)3ε−1
∫ ( 3∏
i=1
ddli
(2pi)d
)
1
(q − l1 − l2 − l3)2l21[l22 −m2Q][l23 −m2Q]2
, (A82)
I7 = (q2)3ε−2
∫ ( 2∏
i=1
ddli
(2pi)d
)
1
(q − l1 − l2)2[l21 −m2Q][l22 −m2Q]
∫ ddl3
(2pi)d
1
l23 −m2Q
, (A83)
I8 = (q2)3ε−1
∫ ( 2∏
i=1
ddli
(2pi)d
)
1
(q − l1 − l2)4[l21 −m2Q][l22 −m2Q]
∫ ddl3
(2pi)d
1
l23 −m2Q
, (A84)
I9 = (q2)3ε−1
∫ ( 2∏
i=1
ddli
(2pi)d
)
1
(q − l1 − l2)2[l21 −m2Q][l22 −m2Q]2
∫ ddl3
(2pi)d
1
l23 −m2Q
, (A85)
I10 = (q2)3ε−1
∫ ( 3∏
i=1
ddli
(2pi)d
)
1
(q − l1)2[(l1 − l2)2 −m2Q][l22 −m2Q][(l1 − l3)2 −m2Q][l23 −m2Q]
, (A86)
I11 = (q2)3ε
∫ ( 3∏
i=1
ddli
(2pi)d
)
1
(q − l1)4[(l1 − l2)2 −m2Q][l22 −m2Q][(l1 − l3)2 −m2Q][l23 −m2Q]
, (A87)
I12 = (q2)3ε−1
∫ ( 3∏
i=1
ddli
(2pi)d
)
1
[(q − l1)2 −m2Q](l1 − l2)2[l22 −m2Q](l1 − l3)2[l23 −m2Q]
, (A88)
I13 = (q2)3ε
∫ ( 3∏
i=1
ddli
(2pi)d
)
1
[(q − l1)2 −m2Q]2(l1 − l2)2[l22 −m2Q](l1 − l3)2[l23 −m2Q]
, (A89)
I14 = (q2)3ε
∫ ( 3∏
i=1
ddli
(2pi)d
)
1
[(q − l1)2 −m2Q](l1 − l2)2[l22 −m2Q](l1 − l3)2[l23 −m2Q]2
. (A90)
Using the differential equation method, we obtain the
real part of master integrals up to O(ε2) in terms of Gon-
charov polylogarithms. The explicit expressions of αi, βi
and <Ii are lengthy and will be presented in the ancillary
file of the arXiv preprint.
Appendix B: Higher Dimensional Operators
In addition to 〈qq〉 and 〈g2sGG〉 operators, we also cal-
culate the Wilson coefficients of 〈gsqqG〉 operator up to
the leading contributions
ρLO1,〈gsqqG〉 = ρ
〈gsqqG〉
c + ρ〈qq〉c , (B1)
ρLO2,〈gsqqG〉 = ρ
〈gsqqG〉
d + ρ
〈qq〉
d , (B2)
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where ρ〈gsqqG〉c and ρ〈gsqqG〉d come directly from the
〈gsqqG〉 operator, while ρ〈qq〉c and ρ〈qq〉d are contributions
from the expansion of 〈qq〉 operator [37]. Here ρ〈gsqqG〉c
and ρ〈gsqqG〉d are
ρ〈gsqqG〉c =
1
8pi2
mQ
q2
=θ5v
2 + 7
v
, (B3)
ρ
〈gsqqG〉
d = −
1
32pi2
v2 + 3
v
+ 12pi2 |θ|
2 v
2 − 1
v
, (B4)
and ρ〈qq〉c and ρ〈qq〉d are
ρ〈qq〉c =
3
16pi2
mQ
q2
=θ (v
2 − 1)(3v2 − 1)
v3
, (B5)
ρ
〈qq〉
d =
1
128pi2
v6 + 3v4 + 15v2 − 3
v3
+ 332pi2 |θ|
2 (v2 − 1)3
v3
.
(B6)
Again, with the help of Eq. (14), our result confirms pre-
vious calculations [16].
Note that ρ〈qq〉c and ρ〈qq〉d contain Coulombic-like sin-
gularities, which will cause the integral over s in Eq. (7)
to diverge at the threshold. Thus we cannot use the
above results in our sum rule analysis directly. To deal
with these singularities, we may consider resumming the
leading Coulombic interaction
(
αs
v
)n between two heavy
quark Q. The amplitude of (QaCΓ1Qb) part of the
baryon current is multiplied by the Sommerfeld factor
[17, 57, 58]
S(v) =
Cpiαs
v
1− exp (−Cpiαsv ) , (B7)
where C is the color factor. In our case, QaQb forms
a color anti-triplet, so we have C = 23 . Then we calcu-
late Wilson coefficients of the 〈gsqqG〉 operator as before.
The resummed ρ〈qq〉c and ρ〈qq〉d are
ρ〈qq〉c =
3
16pi2
mQ
q2
=θ (v
2 − 1)
v3
[
S(v)(3v2 − 1) + S′(v)v(v2 + 1)− S′′(v)v2(v2 − 1)] , (B8)
ρ
〈qq〉
d =
1
128pi2
1
v3
[
S(v)(v6 + 3v4 + 15v2 − 3)− S′(v)v(v4 − 1)(v2 + 3)− S′′(v)v2(v2 − 1)2(v2 − 3)]
+ 332pi2 |θ|
2 (v2 − 1)3
v3
[
S(v)− S′(v)v − S′′(v)v2] . (B9)
After resummation, the Coulombic-like singularities are
regularized by the Sommerfeld factor, and the integral
over s in Eq. (7) converges.
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FIG. 6: Contributions of various terms on the right
hand side of Eq. (7).
Now we can include the 〈gsqqG〉 condensate in our sum
rule analysis, and investigate its contribution to the sum
rule and mΞ++cc estimation. The vacuum condensate pa-
rameter is taken to be [16–21, 41]
〈gsqqG〉(2 GeV) = (0.8± 0.2 GeV2)× 〈qq〉(2 GeV) .
(B10)
The vacuum condensate can be evolved according to its
one-loop anomalous dimensions: γ〈gsqqG〉 = −
γmq
6 [55].
The relative importance of each condensate term in OPE,
including 〈gsqqG〉, is shown in Fig. (6).
Define the condensate term of Oi to be
ci = 〈Oi〉
∫ ∞
sth
ds ρ1,i(s)e
− s
m2
B , (B11)
the ratios between consecutive terms in the mMSQ scheme
at central values of all parameters are∣∣∣∣cg2sGGcqq
∣∣∣∣ = 24% , ∣∣∣∣cgsqqGcg2sGG
∣∣∣∣ = 8% . (B12)
cgsqqG contribution to the right hand side of Eq. (7) is
less than 0.6%, and the estimated mΞ++cc changes by less
than 0.3% in both LO and LO + NLO cases. We see
that the OPE seems to show good convergence, and it
might be a good approximation to neglect the contribu-
tions of operators with dimension larger than 4 in the
sum rule Eq. (7). Nevertheless, it is certainly helpful to
have a systematical study for the contributions of higher
dimensional operators in the future.
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